Abstract-In this paper, we consider the problem of achieving consensus in a homogeneous network of nonlinear agents. The network topology switches within a finite set of connected topologies that persist on a certain interval of time possibly of zero length. Under this condition we prove that, if the rule underlying the switching of the topologies fulfills an average dwell-time, then consensus is achieved. The idea that is pursued in the paper to prove the result is to study the networked system as an hybrid inclusion and to adopt Lyapunov arguments proposed in the literature about hybrid nonlinear systems.
I. INTRODUCTION
The problem of achieving consensus between homogeneous or heterogeneous systems exchanging information over a network has attracted a lot interest in the recent years. Information network analysis, multi-agent systems such as multi-robot systems, electrical power systems, animal collective behavior and systems biology are some field of applications where consensus problems have been formulated. The problem at hand involves classical graph theory by which communication networks are modeled ( [19] , [20] ). A distinctive feature of solutions typically studied in the consensus literature is to consider decentralized control structures in which the control action for the local agent is simply obtained by comparing the local state/output with the state/output of connected neighbors. In [22] , an extensive survey of recent results on consensus theory is presented, with particular attention to the time-invariant graph case. Further relevant works are [12] , [13] , [14] , [15] , [16] and [17] addressing the problem, both in the case of heterogeneous and homogeneous systems.
The case of time-varying graphs has been investigated, among others, in [3] , [4] , [5] , [12] , [13] , for linear systems and in [2] , [8] , [18] , for nonlinear systems. The goal of this paper is to add a further tool for the study of consensus algorithms in presence of switching topologies. We build on the results previously presented in [6] for constant network topologies and we show how the consensus algorithm proposed in that paper is indeed robust to switching topologies, provided that the rule underlying the change of the topology fulfills an average dwell-time ( [9] ). The idea that is followed in the paper to prove the result is to study the networked system as an hybrid inclusion and to adopt Lyapunov arguments proposed in the literature about hybrid nonlinear systems ( A. Isidori is with DIS-"Sapienza" -Università di Roma, Roma, Italy albisidori@dis.uniroma1.it [1] ). Although the present paper deals with consensus of nonlinear homogeneous systems, the presented technique can be easily extended to the case of heterogeneous systems by means of the tools proposed in [6] .
II. PROBLEM STATEMENT A. Communication graphs.
In the following paper, the communication between individual systems (agents) is represented by a time-variant directed communication graph. In a general framework, a communication graph is described by a triplet G = {V, E(t), A(t)} in which:
• V is a set of N nodes V = {v 1 , v 2 , . . . , v N }, one for each of the N agents in the set.
• E(t) ⊂ V × V is a set of edges that models the interconnection between nodes, according to the following convention: (v k , v j ) belongs to E(t) if there is a flow of information from node j to node k.
• the flow of information from node j to node k is weighted by the (k, j)-th entry a kj (t) ≥ 0 of the adjacency matrix A(t) ∈ R N ×N .
It is assumed that there are no self-loops, i.e. that (v k , v k ) / ∈ E(t). The set of neighbors of node v k is the set N k = {v j ∈ V : a k,j (t) = 0}. A path from node v j to node v k is a sequence of r distinct nodes {v 1 , . . . , v r } with v 1 = v j and v r = v k such that (v i+1 , v i ) ∈ E(t). A graph G(t) is said to be connected if there is a node v from which any other node v k ∈ V \ {v} can be reached, or equivalently if there is a path from v to all v k .
In order to achieve consensus, the information exchange between systems, available at the k-th agent, can be expressed as
in which ϑ i , for i = 1, . . . , N , is an available measurement taken at agent i. L denotes the Laplacian matrix of the graph, defined as
such that, the expression (1) can be re-written as
By definition, the diagonal entries of L(t) are non-negative, the off-diagonal entries are non-positive and, for each row, the sum of all entries on this row is zero. A matrix with these properties is usually referred to as a Metzler matrix [21] . As a consequence, the all-ones N -vector 1 N = col(1, 1, . . . , 1) is an eigenvector of L(t), associated with the eigenvalue λ(L(t)) = 0 . Let the other (possibly
For time-invariant graph, the following result holds: The proof of this result can be found, for instance, in [19] , [20] . We note that it is possible to extend Theorem 1 to timevariant case.
B. Framework and Problem formulation
In what follows we propose a decentralized control strategy with the aim of inducing consensus in a network of N non-linear homogeneous agents, whose exchange of information is described by a switching communication graph G(t).
In our framework, no leader is considered, and only the neighbour's information is available. Furthermore, we consider the aforementioned information to be a measurement, local output of single agents rather than a full state information. Each of the N nonlinear agents can be described byẇ
where w ∈ R d is the state of the agent, y is the output of the agent and in which
(S, B, C) is a triplet of matrices in prime form, that is S is a shift matrix (all 1's on the upper diagonal and all 0's elsewhere), B T = (0 · · · 0 1) and C = (1 0 · · · 0) and (3) possesses a nontrivial compact invariant set W.
. . , N , be fixed compact sets of admissible conditions for (3). The problem is to find a vector K of design parameters such that, for all k = 1, . . . , N ,
so that the positive orbit of the set of all admissible initial conditions is bounded and output consensus is reached, i.e. for each admissible initial condition
uniformly in the initial conditions. For the N homogeneous nonlinear systems as (5), the following assumption holds: (4) is globally Lipschitz and there exists a compact set W ⊂ R d invariant for (3) such that the systemẇ = Sw + Bφ(w) + v is input-to-state stable with respect to v relative to W, namely there exist a class-KL function β(·, ·) and a class-K function γ(·) such that
Since we deal with switching topologies, a general assumption on the connectedness of the graph G(t) needs to be formulated.
Assumption 2
We consider a finite set T of N T possible topologies, each one referred to as T j , with j = 1, . . . , N T . Each topology is connected. In particular, there exist a µ > 0 such that for all j = 1,
We also assume that the switching rule of the topology obeys an average dwell-time law (see [9] ) detailed in the next assumption.
Assumption 3
The topology switches synchronously with the following clock
where δ > 0 and N 0 ≥ 1.
In the previous assumption N 0 represents the maximum number of consecutive jumps, while 1/δ is the average dwell time (see [1] ). For instance, if we consider the case in which δ = 1/τ and N 0 = 1, the resulting switching law would be a sequence of time intervals, where jumps are separated by τ at least.
By defining w = col(w 1 , . . . , w N ), it is possible to rewrite the network of (5) as
Equivalently, in a more compact form, the network is written asẇ
The overall closed-loop system with switching topologies can be also written in the hybrid form
where L(T ) stands for the finite set of all Laplacians associated to the finite set of topologies T .
III. MAIN RESULT
Consider a set of transformations {T j }, T j ∈ R N ×N , associated to the Laplacian matrices L j , with j = 1, . . . , N T ,
where
is the Jordan transformation. By applying such a transformation to the Laplacian matrix, we obtainL
with
where λ 2 (L j ), . . . , λ N (L j ) are the non-trivial eigenvalues of the j-th Laplacian matrix associated to the j-th topology T j . Also, let Υ j ∈ R (N −1)×N and Υ −1 j ∈ R (N −1)×N denote the matrices T j and T −1 j without the first row and let c be defined as c = max
We choose the vector K as
g is a "gain" parameter, and K 0 is chosen as
with P solution of the algebraic Riccati equation
with a > 0, S and C as in (4) and µ as in Assumption 2. Furthermore, let λ, λ be defined as
Set also c 1 and c 2 as
With all the previous notations in hand, the following proposition can be given.
Proposition 1
.
Then, there exists g > 0 such that for all δ ∈ (0, δ ) and g ≥ g the compact invariant set
is globally asymptotically stable for (7).
The rest of the section presents the proof of the previous proposition. Consider a fixed topology T j and the associated Laplacian L j . By bearing in mind the expression of V(w), the w dynamics can be written aṡ
Following the proof of Proposition 1 in [6] , we change coordinates asw = (T 
it turns out thatw = col(w 1 , z) and (18) reads more explicitly aṡ
By considering the rescaled variable
g )z we finally obtaiṅ
Our goal is to prove that ζ = 0 is a globally asymptotically stable equilibrium for the second subsystem of (20) . As a matter of fact, global asymptotic stability of ζ = 0, implies global asymptotic stability of z = 0: by recalling the definition of w = (T −1 j ⊗ I d )w, we can write
which, due to the structure of T j in (8) and the ISS assumption on the w 1 subsystem implies that W in (17) is GAS for (7) . The analysis of the ζ subsystem of (20) in the switching topology scenario hides the study of a hybrid system. In fact, whenever the network topology switches, system (20) undergoes a jump in the system dynamics (since the matrix H j changes) and in the value of the state (since the definition of ζ depends on the specific T j through z). As far as the jump in the state value is concerned, when a change of topology occurs, say T j → T i , with i, j ∈ {1, . . . , N T }, i = j, the state ζ jumps according to
As far as the jump in the system dynamics is concerned, we model the system as hybrid inclusion. Specifically, let
(21) By bearing in mind assumption 3 (and specifically (6)), we thus have that trajectories of the ζ dynamics in (20) are trajectories of the hybrid systeṁ
in which w 1 (t) is regarded as time-varying input. For this system the following result can be proved.
with P inv = diag{P −1 , . . . , P −1 } where P is the solution of the Riccati equation (14) . Then: (a) with λ and λ as in (15) the following holds for all
(b) there exists a g > 0 such that for all g ≥ g and for all (τ, ζ,
with c 1 defined as in (16) .
with c 2 defined as in (16) .
Proof: The item (a) is trivial. To prove idem (b), let us first develop ∇V (τ, ζ), H j ζ . By bearing in mind Assumption 2, equation (14), the fact that λ is an eigenvalue of P −1 then λ 2 is an eigenvalue of P −2 , and letting ζ = col(ζ 1 , . . . , ζ N −1 ), we have that
With this result in hand, item (b) immediately follows by standard high-gain arguments, using the fact that ∆Φ(·, ·) is globally Lipschitz uniformly in w 1 .
Finally, to prove item (c), note that
The function V introduced in the previous proposition decreases during flows but, in general, increases during jumps. Here the average dwell time comes into play. Specifically, following [10] , let
with L ∈ (ln(c 2 ), c 1 /2δ). First, we observe that for all
Furthermore, during flows, we have that for all v ∈ col ([0, δ] , F (ζ, w 1 )) (bearing in mind Assumption 3)
On the other hand, during jumps, we have that for all v ∈ col ({τ − 1} , J(ζ))
with ε = e −L+ln(c2) ∈ (0, 1). The Lyapunov function W (·, ·) is thus decreasing both during flows and during jumps. From this, the result of Proposition 1 follows by using standard cascade arguments by virtue of Assumption 1.
IV. SIMULATION RESULTS
In this section we test the decentralized consensus controller presented in the previous section, to solve the problem of synchronizing a set of nonlinear oscillators. The cases in which (5) is a Van Der Pool oscillator and a Lorentz oscillator are dealt within the following two subsections in which five agents are considered.
A. Van Der Pool synchronization
In state space form, system (5) is described bẏ
for k = 1, . . . , 5. The following initial conditions are considered for the five agents: w 1 = (1, 1), w 2 = (2, 2), w 3 = (3, 3), w 4 = (3, −7) and w 5 = (−3, 3) .
We selected ten different connected topologies, switching between each other randomly, fulfilling the rule expressed in Assumption 3 with δ = 0.01 sec and N 0 = 5. K is chosen as in (12) with the gain parameter g = 5. Figure 3 shows the behaviour of the five oscillators in the phase plane: a longer simulation is used in order to show the convergence of the five agents to the Van Der Pool limit cycle.
B. Lorentz synchronization
In this case, systems (5) take the forṁ The same network switching topology of the previous subsection is taken with K chosen as in (12) with g = 15. Figure 4 shows the three components of the oscillators reaching consensus, with the zoom in the top right corner displaying the initial transient towards consensus.
V. CONCLUSIONS
We considered the problem of reaching a consensus between a set of homogeneous agents exchanging information over a connected undirected network. With respect to solutions presented in literature, we considered the case in which the network topology switches within a set of connected topologies, holding a certain interval of time (possibly of zero length) and fulfilling the key assumption that the nontrivial eigenvalues of the associated Laplacians are all bounded from below by a constant (denoted by µ in the paper). Under this condition, we have proved that, if the rule underlying the switching of the topologies fulfills an average dwell-time, then consensus is achieved. The idea that is pursued in the paper to prove the result is to study the networked system as an hybrid inclusion and to adopt Lyapunov arguments proposed in the literature about hybrid nonlinear systems.
The results presented in the paper can be improved in several directions. First, by adopting the output regulation tools presented in [6] , the same results presented here can be extended to the problem of reaching consensus between a class of heterogeneous nonlinear systems. Moreover, the result presented here could be given in presence of the agents (3) affected by a bounded additive exogenous disturbance, by claiming a property of Input-to-State Stability relative to the set W.
Finally, the same kind of result could be given in presence of switching among topologies not necessarily connected. The framework of this general case can be sketched as follows. The sequence of network topologies is of the form {T k } ∞ k=1 with T k that is connected for k odd, and T k that is disconnected for k even. Each topology T k persists on a time interval [t k,1 , t k,2 ], with t k,1 ≤ t k,2 , t k+1,1 = t k,2 . For each k even, we know that there exists a T d > 0 such that t k,2 − t k,1 ≤ T d , namely each disconnected topology persists on a time interval whose length is upper bounded by T d . Furthermore, the connected topologies T k with k odd satisfy an assumption similar to Assumption 2 above and, moreover, the associated time intervals fulfill an average dwell-time, namely for all pairs of odd numbers j, i with j > i we have
k=i,k odd (t k,2 − t k,1 ) + N 0 for some δ > 0 and N 0 ≥ 1. In this framework similar results of Proposition 1 above, can be given. In particular, there exists a positive δ , in this context dependent also on T d , such that for all δ ∈ (0, δ ) consensus is achieved. Details of the result are presented in [7] .
